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Let K2Z where Z is the ring of integers of a number field k. We define a sub- 
group H’j’k of index 2’ in K,Z (r is the number of real conjugates of k) and study its 
triviality. 
For instance, for p = 2 or 3 and for a Galois p-extension k of the base field 0, the 
triviality of the p-part of @k depends only on the ramification in k/Q; this permits 
in practice to give the list of such fields. The general case is similar (and effective as 
soon as classes and units of the base field are known). 
We verify also that the Birch-Tate conjecture is true at p = 2 for all real abelian 
fields such that the order of H!jk is odd. ( 1986 Academic Press. Inc 
The purpose of this paper is to make two remarks concerning the K, of 
number fields: 
(i) On the classical definition of the tame kernel, which does not 
seem always convenient for the 2-part, because of the Hilbert symbols for 
real infinite places, which are not usually considered as tame ones (for this, 
see Sect. 1,2,3, and the diagram in Sect. I,5 in which the tame kernel in new 
sense is of index 2’ in the classical one, where r is the number of real 
infinite places of k). 
(ii) On the characterisation of Galois p-extensions of number fields 
whose tame kernel has a trivial p-part (in the new sense for p = 2) (for this, 
see Theorem 2 in Sect. 111,2, in connection with the corollary to Theorem 1 
in Sect. 142; see also the corollary to Theorem 2 where a complete answer 
is given for p = 2, 3 and abelian p-extensions of Q). 
These remarks allow us to verify that the Birch-Tate conjecture is 
satisfied (at p = 2) for all real abelian fields whose tame kernel (in new 
sense) is of odd order (see Theorem 3, Sect. 111,3). 
For other insights about arithmetical properties of the K? of number 
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fields, we refer to the papers [ 10, 111 of Jaulent, in which some 
investigations of a seminar (1982, 1983) have been written up, and we refer 
also to his paper Cl33 dealing with the Iwasawa theory aspect of these 
questions. 
Much of this study is based on the work of Tate [ 163. 
I. TAME KERNEL AND HILBERT KERNEL 
Let k be a number field; we call Pi the set of noncomplex places of k 
(prime ideals and real infinite places), Np the absolute norm of a finite 
place p, k, the completion of k at p E PI, U, the subgroup of units in k,“, 
Ub the subgroup of principal units in U, (if p is real infinite, we put, by 
definition, IJ, = R ‘, and b’i = iI%: ), pp the subgroup of roots of unity in 
k,“, mp the order of pp. 
1. Local Roots of Unity 
For any p E Pl we can write 
up=@33 q, 
where $ is the group of (Np - 1 )th roots of unity in k,” if p is finite, 
Pi=: {fl} if k,=IW; 
we put 
and call 
the respective orders of the groups pt, &. We observe that 
Pp=P;@Pc1:, 
because, for any p E PI, g.c.d.(mi, mi)= 1 (if p is finite, ,uk is a p-group 
where pZ = p fr Z, and if k, = R, then pk = ( 11); then it is natural to call $, 
(resp. pb) the tame part (resp. the wild part) of pLp. 
2. Valuations on k 
If p is a finite piace we denote by 
324 GEORGES GRAS 
the usual p-adic valuation; if p is real infinite we denote by 
up: k x + L/2Z 
the map defined by ~~(a) = 0 (resp. 1) if the corresponding conjugate of a is 
positive (resp. negative). 
3. Tame Symbol 
For any p E Pl, we define the tame symbol ( , )p by 
(a, b)p = projection of(- 1 )Cp'u)"p(b)~Up'h'bm 'p(U) on c(F, 
for every a, b E k x 
Remark. This symbol is usually called the tame symbol, when p is a 
finite place (and considered in the multiplicative group of the residual 
field); here we think that for infinite real places, the symbol ( , )p (which is 
in fact the corresponding Hilbert symbol) must be considered as a tame 
one, and that it is more natural to consider the images of these symbols in 
the tame part of local groups of roots of unity, instead of residual fields. 
4. Hilbert Symbol 
For any p E Pl, the Hilbert symbol (( , )/p) maps k x x k ’ in pp by 
mean of the m,-norm residue symbol; it is well known that for any 
a, b E k x, ((a, b)/p ) is defined by the relation 
where 0*~ = b, and ((a, k,(O)/k,)/p) is the Hasse-norm residue symbol in 
the kummerian extension k,(O)/k,. We have also the following fundamen- 
tal relations between Hilbert and tame symbols on k x x k x: 
, ( 1’ T mp= ( , lp for every p E Pl. 
5. The Fundamental Diagram 
We call p the group of roots of unity contained in k, and m its order. 
The fundamental diagram is the following: 
l- Hzk- K,k-!L @p, A,u -1 
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All the direct sums are taken for the set Pl (noncomplex places of k); the 
map h (resp. ho) is induced by the Hilbert symbol (resp. the tame one), and 
the respective kernels, called H,k and ek, are finite groups, by Garland’s 
theorem [4]; the map 7t is defined by rr(([,),) = n, $0’“. The exactness of 
the first line is Moore’s theorem (see [3]). The exactness of the second one 
(surjectivity of ho) comes from the fact that the restriction of the map rr to 
@ ,ub is still surjective: as (mz, mi) = 1 for every p E PI (see end of Sect. 1 ), 
a acts, on each factor &,, essentially like the ($/nb)th power, where ni is 
the order of the group ,u n ,u i; but for finite places this group is (p),, the 
p-subgroup of 1-1 (where pZ = p n Z), and it is trivial for inhnite real places; 
then the image of @ 11; by rc is the subgroup of p generated by all the (p),,, 
then p, 
Remark. The snake lemma, applied to the fundamental diagram, shows 
that the finite group H:k/H,k is isomorphical to the kernel of the restric- 
tion of IE to @ pi; then its structure is completely known (see [I]). For 
instance, this gives (zk : H2k) = (l/m) R,, rni; then H2k = H:k if and 
only if each prime number I dividing I’&, ma satisfies the two following con- 
ditions: 
(i) it does not split in k/Q, 
(ii) the I-power dividing m is equal to rnb (where L? 1 I). 
6. Galois Operations 
If H is a group of automorphisms of k, then the above diagram is an 
exact diagram of H-modules if we consider the following actions: 
(i) {a, h}“= {au, h”} for every {a, 6) EKzk and CTE H; 
(ii) for any finite set SC Pl (H-invariant), the diagonal embedding 
k” ~l--j p ES k;, is a map whose image is dense in the right product, and 
this makes sense for a Galois action on this product (and of course, for a 
Galois action on or,, k,” in an evident way). 
7. A Final Remark 
In [14], Quillen has shown that the classical tame kernel is K2Z, where 
2 is the ring of integers of k; then we deduce that K,Z/flk is isomorphical 
to (12/2;2)‘, where r is the number of infinite real places of k. This is con- 
sistant with the two numerical examples given in [9] (IK,.ZI = 23 (resp. 27 
for the cyclic cubic field of conductor 9 (resp. the cyclic quartic field of con- 
ductor 15)) and also with those of Browkin and Schinzel in [2], Section 3, 
for real quadratic fields. 
326 GEORGESGRAS 
IT. ABELIAN P-RAMIFICATION AND Kz 
Let p be a lixed prime, and let k be a number field. Let K be the field 
k(p,), where p,, = ([) is the group of pth roots of unity, and let H be 
Gal(K/k). When we use results and notations of Section I, for the field K, 
we use the subscript K to avoid confusions. 
For any abelian group A, we define ,,A as the subgroup of elements of A 
annihilated by p, and dim, A as the dimension of the If,-spaces fan@ A 
or ,,A. 
1. Tate’s Results 
In [16], Tate has given the following results: 
PROPOSITION 1 [ 16, Lemma 3.41. We haue Z,, 0 K2 k 2r (Z, 0 Kz K)H. 
PROPOSITION 2 [ 16, Theorem 6.11. We have a canonical exact sequence 
of H-modules: 
1 ~~~,0NzK~~pOKXjKXP-rpK2K~ 1, 
i@a --+ Ii, a$ 
where N,K= (aE K”, {[, a} = 1 in K,K)jKXP, and where a=aK”P jbr any 
aEKx. 
PROPOSITION 3 [ 16, Theorem 6.31. We have ,a,, 0 N2 K N (Z/pZ 1’“’ ‘, 
where cK is the number of complex @aces in K. 
Let M, be the maximal abelian extension of p-exponent of K and 
p-ramified (i.e., unramified outside the set S, of places dividing p in K); let 
R, be the radical of M, (i.e., the maximal subgroup of K” /Kxp such that 
M,= K(~~~‘ 
PROPOSITION 4. We have the ,following exact sequence ?f H-modules: 
1 +pLp@N2K-+~I,@RK+pH;K+ 1. 
[@a -+ Ii, a> 
ProoJ Let a be an element of K x. We have hO,( (9, a> ) = ((i, a),fip, and 
(c, a), is the image in p& of (- 1 )t’(i’L.(U) [“‘“‘a”“‘i’, with v = vB, for each 
place $3 E PIK. 
If ‘$3 is a finite place, this image is that of jutrr), and we have two cases: 
(i) if ‘$3 E S,, then $$ = { 11, and this image is trivial, 
(ii) if Fp C$ SK, then jt’(u) = 1 if and only if v(a) = 0 mod p. 
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If ‘$8 is a real infinite place, we have afso two cases: 
(i) ifp#2, th en pp$ = { 1 >, and this image is trivial, 
(ii) if p = 2, then we obtain the image, in +!& = {It l}, of (- 1)“‘“’ 
(-l)~Wa-’ (because here v(i)= u( - 1) = 1; see Sect. 1,2,3), which is 1 if 
and only if the corresponding conjugate of a is positive. 
In conclusion, we see that hg( { [, a}) = 1 if and only if a satisfies the 
following two conditions (where the second is empty if p # 2): 
(i) a Z, = !!I%, ‘u ideal of K, YJ4 E (S,), 
(ii) a is totally positive. 
But by Rummer theory, we see that it is the necessary and sufficient con- 
dition to have GE R,. Of course, the surjectivity of the map comes from the 
result of Tate (Proposition 2). 
If we take the elements fixed by H, we obtain the exact sequence (the 
order of H is prime to p), 
But we know that there exists canonical maps Kt K+ K,k and Kzk -+ KzK 
whose compositions give, respectively, CgEH c and IHI (see [16, 
Sects. 2, 31); then by restriction on the p-parts of K,-groups, these maps 
are, respectively, surjective and injective (the order of H is prime to p), and 
we have by using Proposition 1 (and the fact that the fundamental diagram 
(Sect. 1,5) corresponding to K is an exact diagram of H-modules): 
Finally we obtain: 
COROLLARY. We have the following exact sequence 
1 -(~,QNZK)H~(~ipORK)H--tpH~k-,l. 
PROPOSITION 5. Zf the maximal real subfield of Q(pP) is contained in k, 
theme (p,@ N,K)H = (Z/p.Z)“+‘, where c is the number of complex places 
in k. 
This is the analogue of Proposition 3, in some sense (cf. [16, 
Theorem 6.3]), when pp is not contained in k. 
2. Abelian p-Ramifi:cation 
Let & be the maximal abelian pro-p-extension of k, unramified outside 
the set S of places dividing p in k; we know that ~al(~/k) 2 Z; x r, 
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y 2 c + 1, where T is the finite p-group which fixes E, the composite of all 
&-extensions of k. 
The connexion between p-ramification and K, is formulated by the 
following result: 
THEOREM 1. Let k be a number field and p a prime. If the maximal real 
subfield of Q(ur) is contained in k, then dim, @k = dim, T+ 6, where 
6 = y - (c + 1) is the defect of Leopoldt conjecture in k at p. 
Proof: If Q&) c k, then K= k, H= { 1 }, and we obtain, from 
Proposition 4, 
dim, qk = dim, pp @ Rk - dim, pp 0 N, k 
=y+dim, T-(c+ 1) 
= dim,, T+ S 
(by the fact that dim, p,@ Rk = dim, Gal(k/k), and by using 
Proposition 3). If Cl@,) d k, H= (r), where r is of order 2 (of course this 
implies p # 2). 
LEMMA. For any subgroup A of KX/KXP, we have dim,(p, @ A)H = 
dim, A”, where v = (1 + ~)/2 (p # 2). 
We have (~,oA)H=(~pOA)(‘~r1’2, and for any GEA, we have 
([Q@“W/2 = (&34’/2 (('Q$y = ((Qq'/y-'Q,y '12 = 
([1/2@a)(~1/2@$) = [1/2@Z1+’ = CQZ’; then (up@A)(1~7’i2=pp@AY. 
Then, the corollary to Proposition 4, and Proposition 5 of Section 1 give 
dim, Htk = dim, R; - (c + 1). 
But, by elementary Kummer theory, Rlj, corresponds to the maximal sub- 
extension in M,/K which splits on k, then to KM (where M = Mk), and 
this gives the result. 
If we use the results stated in [S] giving another expression of 
dim, T+ 6 (Theorem 12 or 13), we have a criterium for the triviality of the 
p-part of ek, in terms of ideal class groups: 
COROLLARY. If a number field k contains the maximal real subfield of 
Q(P~) then a necessarv and sufficient condition, for the triviality of the p-part 
of its tame kernel in new sense I$k, is the following: 
(i) (p # 2, up c k) the prime p does not split in k/Q and the p-class 
group of k is generated by the class of the prime ideal above p in k; 
REMARKS ON K2 329 
(ii) (p # 2, pP & k) the prime ideals above p in k do not split in the 
quadratic extension k(p,)/k, and the p-class groups of k and k(pLp) are equal; 
(iii) (p = 2) the prime 2 does not split in k/Q and the 2-class group of 
k, in narrow sense, is generated by the class of the prime ideal above 2 in k. 
Remarks. Some particular cases of this result have been given by 
Browkin in [ 1 ] (see also [2]); in [ 111 Jaulent gives also the character of 
p@K and several H-modules concerned with the theory of p-ramification 
and Kz. This corollary may be also proved by using Galois cohomology, as 
a consequence of Lemma 10 of [lS] (C. Soult). 
By the remark in Sections 1,7, we see that the condition of the corollary 
(case (iii)) means that 2K2Z~ (H/2Z)‘. Our purpose is, now, the study of 
the triviality of ,@ in a Galois p-extension of number fields under the same 
hypothesis, because in this situation, we have good information about the 
behaviour of T-groups. 
Let k/k’ be a Galois p-extension of number fields, and put G = Gal(k/k’); 
if the Leopoldt conjecture is true in k at p, we have a formula for 1 PI, then 
we can study the triviality of T, and then apply Theorem 1 to study the 
triviality of ,%k when k’ contains the maximal real subfield of Q(pP). We 
will do this in the next point. 
III. ON THE TAME KERNEL IN A GALOIS ~-EXTENSION 
We fix a prime number p. We consider the following notations (for any 
number field F): I, the group of ideals of F, prime to p, Z, the ring of 
integers of F, E, the group of units of F, CF= nP ,P F, the product of com- 
pletions of F at p 1 p (we identify F with its diagonal embeding in C,, which 
is dense), UF = n+, ,P U, the product of groups of local units at p 1 p, 
log: Up + CF the usual p-adic logarithm, B,= C,/Q, log E,, where 
Q, log E, is the QP-subspace of C, generated by log E,, Log: I,+ B, the 
map defined in [6] by Log(%) = (l/n) log(a) + Q, log E, if VI”“=aZF, 
aE U,. 
1. A Formula for I p( 
We have given in [S] and [6] a general method to obtain such for- 
mulas; it is essentially the previous Log-function which gives an effective 
way to compute the torsion groups T and some of their subgroups such as 
TG (many improvements of our results in [S] are now available in 
Jaulent’s work, which is based on a formalism developped in [12]). 
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PROPOSITION 6. Let k’ c k be such that k/k’ is a Galois p-extension tisith 
Galois group G. If k satisfies Leopoldt conjecture at p then 
-LogY,... +Log:Log 
“” e( 9) > 
where e(Y) is the ramification inde.x, in k/k’, of prime ideals Y of k’ which 
do not divide p. 
This situation suggests the following: 
DEFINITION. We will say that the Galois p-extension k/k’ is 
p-primitively ramified if the set of prime ideals .Y Jp of k’, ramified in k/k’, 
is such that 
(i 
1 
> 
~- 
. . . . - Log 9 ,... 
42) 
+ Log Zk. : Log ZkS 
) 
= n e(Y). 
.iplP 
Of course, every Galois p-extension, unramified outside p and CD, is 
p-primitively ramified. 
Remark. This definition is equivalent to the fact that (..., Log Y,...) is 
a direct factor (of the Z,-module Log ZkS) of dimension equal to the number 
of ramified prime ideals 9; then, in some sense, the definition is only con- 
cerned with a property in the base field k’. Particularly, as the zp- 
dimension of Log Z,. is ck, + 1 (under Leopoldt conjecture), if k/k’ is 
p-primitively ramified then the number of prime ideals Y of k’ (which 
ramify in k/k’ and do not divide p) is less or equal to ckS + 1. 
2. Triviality of ,@k 
We have the following result (from Proposition 6 and Theorem 1): 
THEOREM 2. Let p be a fixed prime and let k be a Galois p-extension of 
the number-field k’; we suppose that k satisfies Leopoldt conjecture at p and 
contains the maximal real subfield of Q(pp). Then a necessary and sufficient 
condition, for the triviality of the p-part of the tame kernel of k (in new 
sense) @k, is that the two following conditions are satisfied: 
(i) for k’ we have ,qk’ = (13, 
(ii) the p-extension k/k’ is p-primitively ramified, 
Remarks. (i) The first condition must be verified by using the 
corollary to Theorem 1. 
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(ii) If p=2 or 3, h h t e ypothesis about the maximal real subfield of 
Cl@,) is always satisfied, and for instance, every Galois p-extension of Q, 
p-primitively ramified, which satisfies Leopoldt conjecture at p, is such that 
the p-part of its tame kernel (in new sense) is trivial (p = 2, 3). 
(iii) If k’ is totally real, then we can give a more explicit charac- 
terisation of p-primitive ramification (under Leopoldt conjecture): k/k’ is 
p-primitively ramified if and only if the following conditions are satisfied 
(see [6] and use the properties of the map Tl in the totally real extension 
k’/Q): 
the extension kJk’ is unramified outside p and cc, 
or 
there exists only one ramified prime ideal Y jp of k’, 
and this ideal satisfies the following two conditions (where Q, is the 
cyclotomic Z,-extension of Q): 
(i) its residual degree in k’/Q, n k’ is prime to p, 
(ii) if [Q,nk’:Q]=p”“, YnZ=lZ and (/)=l+qp”“‘u, UEZ,* 
(usual projection of a p-adic number on 1 + qZ,, q = p or 4), then 
n(l) d no. 
COROLLARY. For p = 2 or 3, the set of abelian p-extensions k of 62, whose 
tame kernel flk has a trivial p-part, is given by the following list of fields: 
(i) (p= 2). The subfields of the composite Q(uSu) O(J-1) of Q(pzz) 
with the imaginary quadratic field of prime conductor 1~ 3 mod 8; the sub- 
fields of the composite Q(F~~) Q( $(a- $)/2) of Q(uL,m) with the 
imaginary cyclic quartic field of prime conductor 1~ 5 mod 8 (where 
l=a2+b2 in Z, a odd). 
(ii) (p = 3). The subfields of the composite of Q, with the cubic field 
of prime conductor 1 E 4 or 1 mod 9. 
Remarks. (i) In the situation of Theorem 2, we deduce that the con- 
ditions of the corollary to Theorem 1 for k’ lift up in the field k; and then 
for this field k we know its p-class group. 
(ii) It seems possible to prove that, if k’ contains the maximal real 
subfield of Q(p,) and is such that ,H:k’ = ( 1 }, then, in any Galois p-exten- 
sion k of k’, p-primitively ramified, ,H!jk = { 1 }, without any assumption 
on Leopoldt conjecture, and by proving directly that conditions of 
corollary to Theorem 1 lift up in k (this proof involves intricate com- 
putations of p-class groups in cyclic p-extensions via genera theory; it will 
be studied elsewhere). 
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(iii) There are nonabelian such p-primitively ramified Galois p-exten- 
sions of Q: for instance, for p = 2, the field k = Q(dv, ,/q) is a 
nonabelian extension of degree 16 of Cl!, and is p-primitively ramified; the 
subfield Q(&, $, (2 + 
Y 
2)(3 + $)) is quaternionian of degree 8 over 
Q, and the field Q(,/?, 3 + $) is dihedral of degree 8 over Q. For all 
the subfields of k, the order of the tame kernel (in the new sense) is odd 
and the 2-class group (in the narrow sense) is known. 
(iv) More precisely, for a given set C = (9, ,..., 2,) of prime ideals of 
k’ which do not divide p and such that (Log SC; ,..., Log Yr) is a direct fac- 
tor in Log Zk. (see remark at the end of Sect. I), there exists a maximal 
Galois p-extension of k’, p-primitively ramified (according to the set C), 
which can be determined explicitly, without too much difficulty. 
(v) There are also nontrivial situations for the cardinality of the set 
z1: for instance, for p = 3 and k’ = Cl!(m), consider the field k = k’($ ), 
where cc/ is a 
(8+-)X-l. 
root of the polynomial X3 - (5 +a) X2 - 
As the discriminant of this polynomial is 132(2 + m)‘, the extension 
k/k’ is cyclic of order 3, and the ramilied prime ideals (not dividing 3) are 
the two prime ideals 9, , gz of k’ above 13. The class group of k’ is of order 
3 and generated by the class of -rf ; then we have 
and then 
~- 
((4 Log 9,) f Log Y2 ) + Log Zk. : Log Zk’) = 9, 
and the extension k/k’ is 3-primitively ramified (in a “maximal” sense, 
because ck’ + 1 = 2 here). Moreover the field k’ = Q(&%) satisfies the 
conditions of corollary to Theorem 1 (3 ramifies in k’(p3)/k’ and the 3-class 
groups of k’ and k’(p3) are equal, because the 3-class group of Q(a) is 
trivial); then ,H:k = { 1 }. 
3. Remark about the Birch-Tate Conjecture 
If k is a totally real number field of absolute degree d, the Birch-Tate 
conjecture asserts that 
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where [ is the zeta-function of k and w2 the maximal integer n such that 
Gal(~(~~}/~) is annihilated by 2 (see [17], end of Sect. 4). The main con- 
jecture for abelian fields, proved by Mazur and Wiles, implies the Birch- 
Tate conjecture, except possibly, for the 2-parts. In this direction we obtain 
THEOREM 3. Let k be an abelian realfield of degree d such that -&k = 1 
(i.e., li(zZl = 2”). Then the Birch-T a e t conjecture is uerz$iedfor k. 
Remark. Such fields k may be characterised in a very simple manner: 
the field k is the composite of an extension of odd degree k’ with a 2-exten- 
sion k”; then, as T= 1, we see immediately (from case (iii) of the corollary 
to Theorem 1, and case (i) of the corollary to Theorem 2) the two follow- 
ing facts: 
(if The field k’ is such that the prime 2 does not split in k’ and its 
2-class group in narrow sense Cl is generated by the class of p 12, but as 
[k’ : Q] is odd, the prime 2 does not ramify and p = (2), then Cl = 1; it 
follows from [S, Sect. IV], that the best (numerical) characterisation of the 
condition Cl = 1 is that the group F of cyclotomic units in k’ is such that 
the subgroup of totally positive elements is F’; 
(ii) the lield k” is a subfield of Ora,( f=3(8), or 
d;s,d~), l= 5(8), a2 + b* = Z, a odd, with the condition that 
(when k” q! Q, ) 1 does not split in k’ (this means that k/k’ is 2-primitively 
ramified). 
Proof of the theorem. We note a-b if ab- ’ is a 2-adic unit. If 
b3Qs : Ql=2 ‘O, we see that w2~w2(knQ,)-2”0+3; then wZ[(-l)= 
2 n x E X ~L(x, - 1 ), where X is the group of Dirichlet characters of k 
and d = [k : Q]; but if we introduce the 2-adic L-functions, we have (where 
CO is the character of Q(n)): 
L2(& -l)= L(pi-2, - l)=L(pO, - 1) 
= (1 - 2x(2)) ux, - 1) N u - 11, 
thenw,~(-1)-2”0+3+d&EX$Lz(~, -1)-2”0+3+d$L2(~, -l)~xEXO,Xfa 
tJ4xt - 1) rI xex\xo&(x, -I), h w ere X0 is the group of characters of 
kn Q, and E the unit character. But we have the following classical 
results: 
because 1 B(E, 2) i L*(E, -l)= -z2== 82 -- 
4 
, 
(&2(x, s)) - i is, for every x E X0\ f E > and every s E E,, a prime element in 
&P2(;y) (see E7, Result Ll]), and then, nKEXO,Xf:E &,(x, - 1) - 2-“O, and we 
obtain w2<( - i)-2d,xEX,XOfL2(~, - 1). 
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In another direction, we have the CoatessLeopoldt’s formula (recalled in 
[7, Sect. 1.11) which gives the order of T, 
by the previous computation. 
By Theorem 1 of Section II,2, we have 1 Tl = 1, but it is known that 
&&,~)EZ, for every ~EX\X, and SE& (see [7, Result l.l]), then 
$!&, s) - 1 (by Result 1.3 of [7] and the description of k given in the 
previous remark we obtain directly $5(x, s) - 1). Of course this gives the 
result by taking s = -1: we have n,.,,, X0 $,(x, - 1) - 1 and then 
w,&1)-2d-[K*ZI. 
Remark. The Birch-Tate conjecture has been verified at 2 for some real 
quadratic fields, by Urbanowicz in [ 183, with complex analytic methods; 
these fields contain the quadratic ones such that IK2Zl - 4 and some others 
where the 2-part of IK,Zl is known by results of [2]; we think that the 
theory of p-adic L-functions would also provide a direct proof in these 
cases. 
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